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In this paper we consider the nonlinear matrix equation X = Q +∑m
i=1 MiXδiM∗i where Q is positive (resp. semidefinite) definite and
Mi ’s are arbitrary (resp. nonsingular) matrices. We prove that if
δ := max{|δi| : 1 i  m} < 1, then the equation has a unique pos-
itive definite solution which is realized as the unique ﬁxed point of
a strict contraction with the Lipschitz constant less than or equal
to δ. Furthermore, we show that the solution map varying over the
determining coefﬁcient matrices is continuous.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
The main concern of this paper is to study the nonlinear matrix equation
X = Q +
m∑
i=1
MiX
δiM∗i , 0 < |δi| < 1, (1.1)
where (1) Q is an n × n positive semidefinite matrix and Mi’s are nonsingular n × n matrices or (2) Q
is an n × n positive definite matrix andMi’s are arbitrary n × nmatrices, and positive definite solution
X is sought. The existence and uniqueness of positive definite solutions and numerical methods for
ﬁnding a solution have recently been studied bymany authors (see [4–6,8,11]). Huang–Huang–Tasi [8]
and Duan–Liao–Tang [4] showed that Eq. (1.1) has a unique positive definite solution by using Hilbert’s
projectivemetric andﬁxedpoint theorems formonotone andmixedmonotone operators, respectively.
In this paper we show that the base function F(X) = Q +∑mi=1 MiXδiM∗i on the open convex cone of
positivedefinitematrices is a strict contraction for theThompsonmetric on itwith the least contraction
coefﬁcient less than or equal to δ := max{|δi|}mi=1. This provides a new proof for the existence and
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uniqueness of the positive definite solution and shows that the iterative algorithm is more effec-
tive as δ decreases. We further show that the positive definite solution depends continuously on the
parameter Q andMi. This result via a contraction principle is new and apparently distinct from that of
Duan–Liao–Tang and Huang–Huang–Tasi.
2. Thompson metric
Let(n) be the open convex cone of n × n positive definitematrices. The Thompsonmetric on(n)
is deﬁned by
d(A,B) = max{logM(A/B), logM(B/A)},
whereM(A/B) = inf{λ > 0 : A λB} = λmax(B−1/2AB−1/2), themaximaleigenvalueofB−1/2AB−1/2.Here
X  Y means that Y − X is positive semidefinite. Then it is a complete metric on (n) and d(A,B) =
‖ logA−1/2BA−1/2‖, the spectral norm of log(A−1/2BA−1/2). The Thompson metric exists on any open
normal convex cones of real Banach spaces [15,14]; in particular, the open convex cone of posi-
tive definite operators of a Hilbert space. It is invariant under the matrix inversion and congruence
transformations:
d(A,B) = d(A−1,B−1) = d(MAM∗,MBM∗)
for any nonsingular matrixM. One remarkable and useful result is the nonpositive curvature property
of the Thompson metric;
d(Xr ,Yr) rd(X ,Y), r ∈ [0, 1], (2.2)
which is equivalent to the Löwner–Heinz inequality [7,12]; 0 < X  Y implies Xr  Yr for all r ∈ [0, 1].
See [1–3,10,14] for details on the Thompson metric. By the invariant properties of the metric, we then
have
d(MXrM∗,MYrM∗) |r|d(X ,Y), r ∈ [−1, 1] (2.3)
for any X ,Y ∈ (n) and nonsingular matrixM.
The following result plays a crucial role for our main results.
Lemma 2.1. For any A,B,C ∈ (n),
d(A + B,C + D)max{d(A,C), d(B,D)}. (2.4)
Furthermore, for all positive semidefinite A and B,C ∈ (n),
d(A + B,A + C) d(B,C). (2.5)
Proof. Suppose without loss of generality that d(A,C) d(B,D) := log r. Then B  rD,D rB,A rC,
C  rA, and thus A + B  rC + rD = r(C + D),C + D  rA + rB = r(A + B). Hence d(A + B,C + D)
log r = d(B,D). In particular, d(A + B,A + C) d(B,C).
Next, suppose that A is positive semidefinite and let B,C ∈ (n). Pick a sequence Ak ∈ (n) con-
verging to A. Then
d(A + B,A + C) = lim
k→∞
d(Ak + B,Ak + C)
(2.4)
 lim
k→∞
d(B,C) = d(B,C). 
3. Main results
The following results will be useful for establishing the continuity of solution (ﬁxed point) map
(see also [9]).
Deﬁnition 3.1. Let (X , d) be a metric space. A mapping f : X → X is a strict contraction if there exists
0 λ < 1 such that d(f (x), f (y)) λd(x, y) for all x, y ∈ X . The least contraction coefﬁcient (Lipschitz
constant) of f is deﬁned by
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L(f ) := sup
x,y∈X
x /=y
d(f (x), f (y))
d(x, y)
.
Proposition 3.2 [13, Propostion II.6]. Let (X , d) be a complete metric space, 0 λ < 1, and Cλ(X) = {f :
X → X : L(f ) λ}. For f ∈ Cλ(X) let p(f ) ∈ X denote the unique ﬁxed point of f . If we endow Cλ(X) with
the topology of pointwise convergence, then the ﬁxed point map p : Cλ(X) → X is continuous.
Proposition 3.3. Let (X , d)bea completemetric spaceand let fn : X → X bea sequenceof strict contractions
converging to f : X → X under the topology of pointwise convergence. If there exists 0 L < 1 such that
L(fn) L for all n, then f is a strict contraction with L(f ) L. In this case the sequence of ﬁxed points p(fn)
converges to p(f ).
Proof. Pick a convergence subsequence L(fnα ) → L0  L. From
d(f (x), f (y)) = lim
nα→∞
d(fnα (x), fnα (y)) limnα→∞ L(fnα )d(x, y) L0d(x, y).
We have L(f ) L0 and hence f is a strict contraction. The convergence of p(fn) to p(f ) follows from
Proposition 3.2. 
Theorem 3.4
(1) Let Q be n × n positive semidefinite matrix and let Mi, i = 1, . . . ,m, be nonsingular n × n matrices.
Then the map
F(X) = Q +
m∑
i=1
MiX
δiM∗i , δ := max{|δi|}mi=1 < 1
is a strict contraction on(n) with L(F) δ and (hence) the corresponding nonlinear equation
X = Q +
m∑
i=1
MiX
δiM∗i
has a unique positive definite solution depending continuously on the parameters Q and Mi.
(2) Let Q ∈ (n) and let Mi, i = 1, . . .m, be arbitrary n × n matrices. Then the map
F(X) = Q +
m∑
i=1
MiX
δiM∗i , δ := max{|δi|}mi=1 < 1
is a strict contraction with L(F) δ. Furthermore the solution map of the corresponding nonlinear
matrix equation varying over Q and Mi is continuous.
Proof. (1) Since Mi’s are nonsingular, the maps fi(X) = MiXδiM∗i are strict contractions on (n) with
L(fi) |δi| δ from (2.3). Lemma 2.1 implies that themap f (X) =
∑m
i=1 fi(X) is a strict contractionwith
L(f )max{L(fi)}mi=1  δ. Indeed, it sufﬁces to show form = 2;
d(f1(X) + f2(X), f1(Y) + f2(Y))
(2.4)
 max{d(f1(X), f1(Y)), d(f2(X), f2(Y))}
max{L(f1)d(X ,Y), L(f2)d(X ,Y)}
max{L(f1), L(f2)}d(X ,Y).
By Lemma 2.1,
d(F(X), F(Y)) = d(Q + f (X),Q + f (Y))
(2.5)
 d(f (X), f (Y)) δd(X ,Y).
This shows that the map F is a strict contraction with L(F) δ.
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To show the continuity of the solution map, we let Qj and Mij be sequences of positive definite
matrices and nonsingular matrices such that limj→∞ Qj = Q and limj→∞ Mij = Mi. Then by the pre-
ceding paragraph, Fj(X) :=Qj +
∑m
i=1 MijXδiM∗ij is a strict contraction with L(Fj) δ for all j and Fj → F
under the topology of pointwise convergence. By Proposition 3.3, the sequence of ﬁxed points of Fj
converges to that of F . This shows the continuity of the solution map.
(2) For each i, pick a sequence of invertible matrices Mij converging to Mi. Let fij : (n) → (n)
deﬁned by fij(X) = MijXδiM∗ij and let Fj(X) :=Q +
∑m
i=1 MijXδiM∗ij . Then Fj → F and L(Fj) δ by (1). This
implies that
d(F(X), F(Y)) = lim
j→∞
d(Fj(X), Fj(Y)) lim
j→∞
δd(X ,Y) = δd(X ,Y)
and hence L(F) δ. The continuity of positive definite solution follows in the similar way of (1). 
Remark 3.5. It is easy to see that the non-singularity of Mi in (1) and positive definiteness of Q in
(2) are necessary for the existence and uniqueness of positive definite solution. If X0 is any positive
definite starting point of the iteration Xk = Fk(X0) = F(Fk−1(X0)), where Fk denotes the kth iterate of
the self map F(X) = Q +∑mi=1 MiXδiM∗i on(n), then the error estimation for the Thompson metric is
given by
d(X∞,Xk)
δk
1 − δ d(X1,X0), X∞ = limk→∞ F
k(X0).
Indeed, the inequality and convergence of the iteration Xk = Fk(X0) follow from the strict contraction
property of F . It is also clear that the convergence is more rapid as δ = max{|δi|}mi=1 decreases.
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